ERGODICITY OF STOCHASTIC CURVE SHORTENING FLOW IN THE 

PLANE 
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Abstract. We study a model of the motion by mean curvature of an (1+1) dimensional in- 
terface in a 2D Brownian velocity field. For the well-posedness of the model we prove existence 
and uniqueness for certain degenerate nonlinear stochastic evolution equations in the variational 
framework of Krylov-Rozovskii, replacing the standard coercivity assumption by a Lyapunov 

1 — I 

' type condition. Ergodicity is established for the case of additive noise, using the lower bound 

. technique for Markov semigroups by Komorowski, Peszat and Szarek [6]. 

1. Introduction 

Motion by mean curvature is a well studied and rich object in geometric PDE theory for which 
|>yij '. a variety of methods have been developed (see e.g. [17] for a survey). In physics it arises as 

p I , sharp interface limit of the Allen-Cahn equation for the phase field of a binary alloy, describing 

(-^ I the motion of the interface between the two phases. Stochastic mean curvature flow was derived 

I heuristically in e.g., [5] as a refined model incorporating the influence of thermal noise. In the 

(d-l-l)-dimensional graph case the corresponding SPDE is of the form 

Vu 



du = y^l + \Vu\^dw{^ )dt + B{u,Vu)6W, (1.1) 

. V 1 + |Vn|2 

. where 6 stands for Stratonovich or Ito differential, depending on the model. The degeneracy of 

. the drift operator makes a rigorous treatment of this family of models very difficult. Motivated 

i by the deterministic theory Lions and Souganidis introduced a notion of stochastic viscosity 

g ; solutions [9, 10], but some technical details of this approach are still awaiting full justification 

' [li 2]. Existence of weak subsequential limits along tight approximations of stochastic mean 

curvature flow has been obtained by Yip [16] and more recently by Roger and Weber [15]. 

^ . In this paper we consider the special case of a (l-l-l)-dimensional graph interface in an e.g. 2D 



Brownian velocity field, corresponding to the equation 

1 + (9.n)2 



q2 °° 

= 1 ^ dt + Yl '^^(•' ^(•)) d^t- (1-2) 

1=1 



In the deterministic case this equation is also known as curve shortening fiow. Note that the 
mild solution approach by da Prato-Zabzcyk [3] is not applicable because equation (1.2) is not 
semilinear, i.e. does not contain a dominating linear component. For the analysis of (1.2) we 
first establish an abstract existence and uniqueness result in the classical variational SPDE 
framework of Krylov-Rozovskii [7] for a certain class of nonlinear stochastic evolution equations. 
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which are not coercive but satisfy an alternative Lyapunov condition. This is then apphed to 
equation (1.2) which is treated in the Gelfand triple 

H',{[0,1])CL'{[(},1])CH-\[0,1]), 

although the operator A : H^{[0, 1]) i?~^([0, 1]) 

Au = 



1 + id^u)^ 

fails to be coercive. By our method we prove well-posedness of (1.2), assuming uo G H^, 
G Lip([0, 1] X R), (j)i{0, .) = ^i(l, .) = and, for some finite A, 

oo 

^(Lip(0,))2 < A\ (1.3) 

i=l 

The latter condition should be compared to the weaker assumption that for all zi,Z2 G [0, 1] x M 

oo 

J2iM^l) - < A.'\Z1 - Z2\\ (1.4) 

i=l 

which is well-known e.g. in the theory of isotropic flows, where it guarantees the existence of a 
forward stochastic flow = F{^, dt) of homeomorphisms of [0, 1] x R+ driven by the martingale 
field F{z,t) = cf. [8, Theorem 4.5.1]. 

In fact, we show below that the SPDE (1.2) with noise field satisfying only (1.4) and initial condi- 
tion Mo G ^^([0, 1]) still admits a unique generalized solution which is defined by approximation. 
More precisely, we obtain a unique Markov process {uf;x G L^([0, l]);t > 0) on L^([0, 1]), 
inducing a Feller semigroup on the space of bounded continuos functions on L^([0, 1]) as the 
unique generalized solution of (1.2). However, in view of the poor regularity of the operator 
A, a more explicit characterization of the L^{[0, l])-valued process {u^)t>o by some SPDE or 
even just an associated Kolmogorov operator on smooth finitely based test functions does not 
seem to be available. This is very similar to the generalized solutions for abstract SPDE with 
only m-accretive drift operators obtained in [14] by means of nonlinear semigroup theory. The 
advantage in the present case is, however, that the variational approach is embedded such that 
we know the solution {uf)t>o is strong if (1.3) holds and the initial condition x = uo belongs to 
^o^([0,l]). 

Finally we show the ergodicity of the generalized solution (wf ) of (1.2) in the case of additive 
noise by verifying the conditions of a recent abstract result by Komorowski, Pcszat and Szarek 
for Markov semigroups with the so-called e-property [6, Theorem 1]. We point out that [6, 
Theorem 3] does not apply in our sitation because the deterministic flow does not converge to 
equilibrium locally uniformly with respect to the initial condition. However, for the verification 
of the lower bound in our case we exploit the fact that the stochastic flow admits a Lyapunov 
function with compact sublevel sets. 

2. WELL-POSEDNESS of CERTAIN NON-COERCIVE VARIATIONAL SPDE 

2.1. Strong solutions for a class of non-coercive SPDE with regular initial condition. 
Although we are mainly interested in the example (1.2) we shall formulate here a general exis- 
tence and uniqueness result in the abstract variational framework of [7] for stochastic evolution 
equations, following with only a few changes the excellent presentation in [13]. Let 

V CH 
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be a continuous and dense embedding of two separable Hilbert spaces with corresponding inner 
products {■,-)v and {.,.)h- Via the Riesz isomorphism on H, this induces the Gelfand triple 

VCHCV* 

such that in particular 

V* {u, v)v = {u, v)h y u E H,v E V. 

In addition we shall also assume that the inner product (., .)v induces a closed quadratic form 
on H. This implies the existence of a densely defined selfadjoint operator L : H D D{L) — > H 
on H such that V = D(\/L), {u,v)v = {u, Lv)h ioi u E V,v & D{L) and such that the closure 
of L : V D D{L) — t- V*, still denoted by L, defines an isometry. Moreover we assume that L 
has discrete spectrum with corresponding eigenbasis (ei)i>„, which will be the case if e.g. the 
embedding V C H is compact. 

Let {W{t))t>o be a cylindrical white noise on some separable Hilbert space {U, {., .)u) defined 
on some probability space {Q,¥,J^) and let J-f = a{Ws,s < t) be the associated filtration. For 
X = H resp. X = V we denote by L2{U,X) the class of Hilbert-Schmidt mappings from U to 
X, equipped with the Hilbert-Schmidt norm ||-^||i2(;7X) ~ ^{Mui,Mui)x, where (iii)i>i is 

some orthonormal basis of U. Let 

A:V^V*, a:V^L2{U,V) 

be measurable maps, then the existence and uniqueness result below applies to iJ-valued Ito-type 
stochastic differential equations of the form 

du{t) = Au{t)dt + a{u{t))dWt ,^ 
n(0) = UQeH. ^ ' ' 

Below we shall work under the following set of assumptions on the coefficients A and B. 
(HI) (Hemicontinuity) For all u, v, x e V the map 

is continuous. 

(H2) (Weak monotonicity) There exists ci G M such that for all u, v e V 

2 v*{Au - Av,u- v)v + \\a{u) - (r{v)\\l^^jj^jj) < ci\\u - v\\h 

(H3) (Lyapunov condition) For n G N, the operator A maps i?" := spanjei, . . . , e^} C V into 
V and there exists a constant C2 G M such that 

2 {Au,u)v + lk(«)|lL([/,y) < C2(l + ||u||^) V« eH'',ne N. 

(H4) (Boundedness) There exists a constant C3 G M such that 

\\A{u)\\v* <C3{l + \\u\\v). 

Remark 2.1. Note that (H3) replaces the standard coercivity assumption in [7] 

2v*{Au,u)v + \W{u)\\l^(^fj^jj^<C2\\ufH-c4u\\^, yveV (A) 

for some positive constant C4 and a > 1. Both conditions (H3) and (A) yield the compactness 
of the Galerkin approximation in V. Condition (A) is used indirectly by applying the finite 
dimensional Ito formula to the square of the iJ-norm. In our case we use condition (H3) directly 
by application of the finite dimensional Ito formula to the squared l^-norm functional. 
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Basically, a solution to (2.1) is a F-valued process such that the equation holds in V* in integral 
form, c.f. [7]. The following precise definition is taken from [13]. 

Definition 2.2. A continuous H-valued {Ft)-adapted process (u(t))ig[o,T] called a solution of 
(2.1), if for its dt '^'^-equivalence class [u] we have [u] G L^([0,T] x ^,dt®f,V) and¥-a.s. 

u{t) = u{0)+ [ A{u{s))ds+ [ a{u{s))dWs, t e [0,T], 
Jo Jo 

where u is any V -valued progressively measurable dt (8) ¥-version of [u] . 
Now we can state the main result of this section as follows. 

Theorem 2.3. Assume that conditions (H1)-(H4) hold, then for any initial data uq G V, there 
exists a unique solution u to (2.1) in the sense of Definition 2.2. Moreover, 

E ( sup \\u{t)\\% I < oo. 

\mo,T] J 

Proof. The proof follows the standard path of spectral Galerkin approximation, the only differ- 
ence towards [7, 13] is the compactness argument, c.f., lemma 2.4 below. To this aim let (en)n>i 
be an orthonormal basis in H of eigenfunctions for the operator L : H z:) D{L) — > H. Clearly 
(en)n>i C V and the set spanje^, n > 1} is dense in V. Let i7„ := span{ei, • • • , e„} and define 

Pn-.V*^ Hn by 

n 

PnV ■= XI V* {y, ei)vei, y G V*. 

i=l 

Then we have Pnln is just the orthogonal projection onto in H. We shall define the family 
of n-dimensional Brownian motions by setting 

n n 

wr ■■= Y.^wufi)ufi = Y.B\t)fi, 

i=l i=l 

where {fi)i>i is an orthonormal basis of the Hilbert space U . We now consider the n-dimensional 
SDE 

f du''{t) = PnAu''{t)dt + Pna{u''{t))dW^ 1 

\ U^iO,x)=PnUo{x), J ' 

which is identified with a corresponding SDE dx{t) = h^{x{t))dt -\- a^{x{t))dB^ in via the 
isometric map — t- H'^,x — t- Y17=i ^i^i- By [13, remark 4.1.2] conditions (HI) and (H2) imply 
the continuity of the fields x b"'{x) G and x — > a"'{x) G M"-^"-. Moreover, assumption (H2) 
implies 

2(6"(x) - 6"(y),x - + |a"(x) - a^iy)\l^^^^^^n) < ci\x - y\^ ^x,y G 
and, by the equivalence of norms on M**, (H3) gives the bound 

2(6"(X),X) + |(T"(x)|i,(Kn,Rn) < C5(l + |XP), 

for some C5 G M. Hence, equation (2.2) is a weakly monotone and coercive equation in R" which 
has a unique globally defined solution, cf. [13, chapter 3]. 

Lemma 2.4. Let n" he the solution to equation (2.2), then for any T > we have 

sup E||u"(t)||2. < (c2r + E(||nofv'))e'^2^. (2.3) 

0<t<T 



(2.2) 
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Proof. Due to the definition of Pn we may write 

ft " ft 
{u-{t),ei) = {u-{0),ei)+ / v.(AK(s)),efc)vefeds,ei) + ( / Pna{u^{s)) dW^,e, 

Jo j.^^ Jo 

Hence, the Ito formula in M" yields 

\K{t)fv = HWV + 2 j\PnA{u-{s)\u-{s))v ds + 1^ \\PnCT{u^{smUu^,V) ds 

+ M"(t), te[0,T], 

P-a.s, where Un := span {/i, /2, • • • , /„} C i7 and 

M"(t) := 2 !\u^{s),Pna{u^{s)) dW2)v, t G [0,r], 
Jo 

is a local martingale. We consider a sequence of J-i- stopping times tj with Tj f +oo as j — )■ +oo 
and such that ||u"(t Ar,)(a;)||v' is bounded uniformly in {t,uj) G [0,T] X M'^{tATj), t G [0,r] 
is a martingale for each j G N. Then we have 

E|K(t Ar,)||^ =E|K||2. + 2 rEl[o,,,](PnA(u"(s)),u"(s))y 

Jo 

+ / ^h0,r,]\\Pna{u^{smUu„,V) ds. 
J 

Now using the definition of the operators A and P„ we can write 

n 



(2.4) 



n 



^ y*(^(«"(s)),ei)y(ei,u"(s))y. 



i=l 



Since G -ff„ for i G [0, T] and (e„)„>i C 1^ by assumption (H3) we can write 

v.(^K(s)),e,)v = (ylK(s)),ei)H, 

this yields 

n 

(P„A(u"(s)),«"(s))y = ^ (^K(s)),ei)j^(e,,u"(s))y 

i=l 

n 

i=\ 

where {Aj > 0} are the eigenvalues of the operator L. 
Therefore we have 

= (^K(.s)),n«(s))y. 

Hence, the operator P„ may be dropped in the fist integral on the right hand side term of (2.4) 
such that by the second part of assumption (H3) 

E||n"(t A Tj)fy < mul^fv + C2 [\l+E\\u''fv)ds. 

Jo 

Hence letting j — >■ +oo and using Fatou's lemma we obtain 

E||tx"(t)||^ < EWul^fy + C2 Al +E||(tx"(s))||^) ds. 

Jo 
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Now Gronwall's lemma yields 

nKit)fv < {c2T + E\\uUvy'- (2.5) 
For the estimate of E||mq we use the definition of Pn and write 

n n 

IWoWv = ll^n^tolly = {PnUo,PnUo)v = 1^X1 V* {uq, ei)v{ei, ej)v V {uq, ei)v 

i=i j=i 

n oo 

= '^Xi{uo,ei)jj < '^Xi{uo,ei)jj = \\uo\\y. 

i=l 1=1 

□ 

From here all remaining arguments from [13, chapter 4] carry over without change in order to 
complete the proof of the theorem. To make the paper self-contained we briefly recall the main 
steps. Let 

K ■.= L'^{[(},T]xn,dt^F,V) and J := L'^{[(},T] x n,dt®F,L2{U,H)). 

Due to the bound (H4) and the reflexivity of K we find a subsequence Uk +oo such that 
yTik u weakly in K and weakly in L'^{[0, T] xU, dt<^ P, H), i;"^ := ^(n"fc) v weakly in K* 
and 0"*= := Pn^a{uP'') 9 weakly in J. Passing to the limit in (2.2) one obtains in V* 

u{t):=uo+ [ v{s)ds+ [ e{s)dW{s), t e [0,T], (2.6) 
Jo Jo 

and in particular u = u (g) P-a.e. Now the following Ito formula for is crucial (c.f. [7]). 

Theorem 2.5. Let uq G L^{n,To,'P, H) and v G L^{[0,T] x n,dt^¥,V*), 9 G L^([0,r] x 
(g) P, ^2(^7, i?)), both progressively measurable. Define the continuous V* -valued process 

u{t):=UQ + [ v{s)ds+ [ 9{s)dWs, t e [0,T]. 
Jo Jo 

If for its dt<SiF- equivalence class [u] we have [u] G L'^{[0, T] x Q, dt<^¥, V), then u is an H-valued 
continuous J^t-o-dapted process, 

E( sup \\u{t)fH) < 00 
te[o,T] 

and the following Ito-formula holds for the square of its H-norm F-a.s. 

\Ht)\\j, = \\uo\\jj + 2j^(^^Jv{s),u{s))v + ms)^^^^^^ (2.7) 
for all t G [0, T], where u is any V -valued progressively measurable dt (8) F-version of [u]. 
In view of (2.6) this implies that u is continuous in H, E( sup ||M(t)|||^) < +00 and 

0<t<T 

E {e-^^'Wumj,) - E (llnolll,) = E(^*e-^^(2 v^{vis),u{s))v + ll^(«)llL(f/,if) - ci||t.(.)||l,) d^). 

(2.8) 

An analogous formula holds true for (tx"'=(t))t>o- Hence, for $ G iC, using (H2), 
E(e-^i*||t."Hi)lllf)-E(||<1ll,) 

< E e-«^ (2 V* (A($(s)), {s))v + 2v* {A{u'"= (s)) - A{^{s)), ^{s))v 

-\W{HsmUu,H) + ^{<^i^''Hs)),(T{m))MU,H)-2c2{u^Hs)Ms))H + C^^^^^ ds) . 
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Letting k — > +00 one concludes that for every nonnegative tp G L°°([0,r],R) 

< E ^{t) ^* e-^^^ (2 V* {Ai<^is)),uis))v + 2 v* {v{s) - Ai^s)), ^s))v ^^'^^ 

-\W{HsmUu,H) + ms),cr{m))L,(u,H)-2c,{u{s)Ms))H + cim^^^^ ds). 
On the other hand, due to the weak lower semicontinuity of the norm in K 

E l^^mMml di) < hm|nf (e £ mh'^'ml d^) . (2.10) 

Combining this with (2.8) and (2.9) one obtains that 

H r m f e"'^'(2 v {v{s) - A{^{s)), u{s) - ^{s))v 
Jo Jo 

+ MHs)) - ^(s)llL([/,/f) - ciMs) - ^S)\\jj) ds dt) < 0. 



(2.11) 



Taking $ = u in (2.11) we obtain 6 = a{u). By applying (2.11) to $ = u — e^h for e > and 
$ G L°°([0,r] X 0,M), he V and dividing both sides by e and letting e ^ 0, by (H2) and 
Lebesgue's theorem we get 

By the arbitrariness of and 4> we conclude that v = A{u). 

As for the uniqueness consider two solutions n*^^) and u^"^^ of (2.1) with initial condition Uq^^ G V 
and Uq^^ G V respectively. Applying theorem 2.5 to u = u*^^) — ■u*^^) together with condition (H2) 
and Gronwall's lemma 

E||«(i)(t) - u^^\t)\\l < - 4'^|||/e2^i*. (2.12) 
This implies uniqueness of the solution for given initial state. Theorem 2.3 is proved. □ 

2.2. Generalized solutions for initial condition in H. By means of (2.12) it is possible to 
construct a unique generalized solution to (2.1) for initial condition in uq G H. In particular 
this yields a unique Feller process on H which extends the regular strong solutions of (2.1). 

Proposition 2.6. Assume (HI) - (H4) , then there exists a unique time homogeneous H -valued 
Markov process {uf,t > 0, x G H) such that t ^ uf solves the SPDE (2.1) in the sense of 
definition (2.2) whenever x = uq eV . Moerover, (uf) induces a Feller semigroup on H, i.e. the 
space Cb{H) of bounded continuous function on H is invariant under the the operation f — )• Pfip, 
where Pt(p{x) = E,{ip{uf)),x G H for any t >0. 

Proof. For x & V G H define t ^ e H as the unique solution to (2.1) with initial condition 
Uq = X. For arbitrary x e H, choose a sequence (xfc)^ in V such that \\xk — x\\h ^ 0, then 
by (2.12) the sequence of processes {t Uf'')keN is Cauchy in C([0, oo); L^(0, i?)) with respect 
to the topology of locally uniform convergence and define {t — > uf) as the unique limit. For 
G Cb{H) define Pt^{x) as above, then (2.12) obviously yields 

nu^t-u\\\l<e'"^''\\x-y\\\, t>0, (2.13) 
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which imphes that Pt^p G Cb{H) for (p G Cb{H). To prove that {ut)t>Q '^^ Markov, by the 
monotone class argument it suffices to show for all x G 

m^iu^^) ■ <^i(fi^J • • • ^„(nJJ) = E(P,_,„V(fiL) • ^iK) • • • <^n(u?J), (2.14) 
for any < Si < S2 • • • < s„ < t and (^i, . . . , ■0 G Cb{H) n Lip(i?). By (2.13) we have 

\Pt-sp{x) - Pt-sV{y)\ < e'^^'-'^ Lip(v9)||x - y\\H V99 G Lip(if), 

hence will be enough to show (2.14) for x ^ V ^ where it follows by standard arguments from 
the uniqueness of solutions of (2.1), their adaptedness to the filtration Fg-, s > which for 
s < t is independent of the sigma algebra of increments Qs,t = (^{W<y ~ ^s\s < a < t), c.f., 
[13, proposition 4.3.5]. This proves the existence of (uf;* > 0;a; G -ff) as in the claim of the 
theorem. Trivially, uniqueness of (uf) follows from (2.13) which holds for any iJ-valued closure 
of solutions to equation (2.1). □ 

3. Application: Stochastic Curve Shortening Flow in (1+1) Dimension 

3.1. Strong solutions for uq e i?^'^([0, 1]) and smooth noise. Let us now show how we can 
treat the model rigorously in the case d= 1, which is also known as curve shortening flow, using 
the results of the previous section. The simple but essential observation is that for d = 1 the 
drift operator in the SPDE (1.1) above may be written 

= -I , /a — V? = 5a;(arctan(a^n)), (3.1) 
1 + {dxU)^ 

which fits into our slightly modified Krylov-Rozovskii framework. To this aim let 

H^i[0,l]) C L\[Q,1]) C H-\[0,1]), 
be the Gelfand triple, which is induced from the Dirichlet Laplacian L = A on L^([0, 1]). 

For u G H^{[0, 1]), let Au G i?"H[0, 1]) be defined by 

° ° J[0,1] 

which is clearly hemicontinuous in the sense of condition (HI), due to the continuity and uniform 
boundedness of C — arctan(^. Trivially A is also bounded in the sense of (H4) because 

P'u||ij-i([o,i]) = sup / arcian{dxu)dxvdx < (^)^/^. (3.2) 

t,eHi{[o,i]),||«ll^i<i^[o,i] ^ 

Moreover, by the monotonicity of arctan 

H-i{Au — Av,u — v)hi = — / {aTctan{dxu) — aTcian.{dxv)){dxU — dxv)dx < 0. (3.3) 

^[0,1] 

The eigenvectors of L = Aq are = (x — )■ sm{i2TTx)),i G N, hence Au = d^u/{l + (Oxu)"^) G 
H^i[0, 1]) for any u e H"" = span{ei, . . . , e^} C H^{[0, 1]). Moreover, 

{Au,u)h^ = -[ dlu{x)dx<0 yueH\ (3.4) 

Let {4'i)ieN denote a sequence of linear independent Lipschitz functions on [0, 1] x R such that 
(f){0,y) = ^(l,y) = for all y G M and such that the stronger regularity assumption (1.3) holds 
for the noise field, and let furthermore U denote the Hilbert space obtained from the closure 
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n 

of the span of {4>i, i G N} with respect to the inner product ( ^ \4>ii YlT=i ''lj4'j)u '■= Y17=i^ ^iVi- 

i=i 

Define the diffusion operator B : H^{[0, 1]) L{U, L^{[0, 1]) by 

B{uMix) = <f>ix,u{x))eL\[0,l]) 
Note that B{u) is in fact in L2{U,L'^{[0, 1])) since 

\\Biu)i'Pi)\\l2(iom = / (pi{x,u{x)fdx = / \(j)i{x,u{x)) - (pi{0,u{0))\'^dx 
' •''[0,1] J[o,i] 

< {Up{cj)i)f [ + u\x))dx = {Up{cPi)f{\ + ||?x||i2(ro,i])), 

J[0,1] ^ 

such that 

II^WIlL(c/,L2([o,i])) = E II^M('^OIIi2([o,i]) < + Ihlli^do.i])) • A' (3.5) 

i 

Ivloreover, 

\\Biu) - i?(^^)|lL(t;,i2([o,i])) = E \\B{uMi] - Bivm\\lmo,i]) 

i 

= E / {(ptixiu{x)) - (j)i{x,v{x))fdx 

i J [0,1] 

< A^II^^-^^lli2([o,i])- (3-6) 

Similarly, B{u)[4>] G i?o([0' ^l) ^ -f^o([05 1])) by the chain rule for weakly differentiable 
functions, 

\\B{u){(l>i)\\H^(\o 1]) = / idxMx,u{x))fdx 

J[0,1] 

< {Up{cPi)f J^^^il + \dMx)\^)dx = (Lip(0,))2(l + ||u||^i([o,i])), 

which yields 

II^WIlL(c/,//n[o,i])) = ^ II^W(<^OII?,i([o,i]) < (1 + Mmm])) ■ A' (3.7) 

i 

In view of (3.2) - (3.7) we conclude that the conditions (HI) - (H4) arc satisfied in the given 
case with constants ci = C2 = and C3 = y7r/2. Hence, by theorem 2.3 we arrive at the 
following result. 

Theorem 3.1. Assume the regularity condition (1.3) holds for the noise field, then for any 
r > there is a (up to dt^F -equivalence in [0, T]xQ,) unique Hq([0, l])-valued process (?it)tg[o,T] 
solving the SPDE (1.2) in the sense of definition 2.2. 

3.2. Generalized JVIarkovian solution in L^([0, 1]) for non-smooth noise. Proposition 2.6 
readily yields generalized solutions for initial condition in L^([0, 1]) as follows. 

Proposition 3.2. Under condition (1.3) there is a unique L?'{[Q,1]) -valued Markov process 
{ut,t > 0, a; G L^([0, 1])) such that t ^ is a strong solution to the equation (1.2) when 
X = uq ^ Hq' ([0, 1]). Moreover, {uf)t>o induces a Feller semigroup on Cb{L'^{[0, 1])). 

However, noticing that estimates (3.5) and (3.6) remain true under the weaker regularity con- 
dition (1.4), by similar arguments as in the proof of proposition 2.6 we arrive at the following 
well-posedness result for the SPDE (1.2) under the Kunita-type regularity condition (1.4). 
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Proposition 3.3. Under condition (1.4) there is a unique L'^ {[0,1]) -valued Markov process 
{uf;t > 0,x E -^^^([0, 1])) such that for x £ Hq{[0, 1]), {uf)t>o is the limit, in the sense of locally 
uniform convergence on C([0, oo);L^(r2,P;L^([0, 1]))), of the strong solutions to the SPDE 

a2 (fc) ^ 

Moreover, 

E\\u-, - ^nii2([o,i]) < - yWhim) G L\[Q, l]),t > 0. (3.8) 

In particular, the induced semigroup, Pt^p{x) = for measurable </? : if ^ R, is Feller. 

4. ERGODICITY FOR STOCHASTIC CURVE SHORTING FLOW WITH ADDITIVE NOISE 

In this final section we show existence and uniqueness of an invariant measure for the generalized 
L2([0, l])-valued solution {uf; t>0,xe L'^{[0, 1])) obtained in proposition 3.2 for the SPDE (1.2) 
in the additive noise case, i.e. when 

du= dt + QdWt, u{0)=uoeH^'\[0,l]), (4.1) 

1 2 

where W is cylindrical white noise on some abstract Hilbert space UandQe L2(C/,i/o' ([0,1])). 
As an example consider the case of U = L'^{[0, 1]) and Q = {—A)~^ for /3 > 3/4, with A being 
the Dirichlet Laplacian on [0, 1] . 

Note also that for additive noise the condition (H2) is satisfied with ci =0. As a consequence of 
(2.12), the Feller semigroup on induced from the generalized solutios ii of (1.2) by Pt(p{x) = 
E{ip{uf)) has the so-called e-property [6], i.e. for all bounded Lipschitz continuous functions 

(p: 

\Ptipix) - PMy)\ < Up{ip)\\x - y\\ Vx,y G (4.2) 

Theorem 4.1. Let {Pt)t>o denote the Feller semigroup on L'^{[Q, 1]) corresponding to the gen- 
eralized solution to (4.1), then (Pt) is ergodic, i. e. there is a unique [Pt) -invariant prohahlity 
measure /i on L^([0, 1]). In particular, \iva.t^oo\ jl{Pt'^,i^) = (v^, m) fof any Borel probability 
measure u G 7Wi(L^([0, 1])) and any bounded continuous : L'^{[0, 1]) (-^ M. 

Let Q'^{x,-) := Jq fJ-ut dt, where denotes the distribution at time t of the generalized 
solution uf to (4.1) with initial conditon uq = x & L'^. 

Proposition 4.2. For any x G L the family of measures {Q^(x,-), T>1} is tight on L'^ {[0,1]). 
Proof Assume first that G H^'\[0, 1]). In view of 

|e|-a<arctg^^</3 + |e|, ? G M, a, /3 > 

it holds that 

ff-i{Av,v)ifi = — aTctg{dxv) ■ dxV dx < — \dxv\ dx -\- a 
Jo Jo 

< -c|b||w^i.i(o,i) +" (4.3) 
for some c > 0, by Poincare inequality. 
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Let now t ut he the solution to equation (4.1) with regular initial condition x = uq E 
Hq ([0, 1]), then theorem 2.5 holds. Hence by the Ito formula for ||'Wt|||2([o i] ('^•^) have 



(4.4) 



E||«(i)||' =E||«(0)||2 + 2E^ v*{A{u{s)),u{s))vds + W. \\Q\\l^^^u,H)ds 
<E||«(0)f -cE / ||u(s)||h.M(o,i)+^^ 
where D := a+ \\Q'^\^g{ij h)- particular, 

eQ^ ||t2(s)||w^i.i(o,i)ds^ < -^(Ellxf + L>) Vi>l. (4.5) 

Since the functional L^([0, 1]) 9 « — >■ ||tf||iyi,i(o,i) £ KU {oo} has compact sublevel sets in 
L^([0, 1]), the claim follows for regular initial condition a; = G -ffo'^([0, 1]). 

For the tightness of Q^{x, .) with general x ^ L? recall (e.g. [12, Remark on p. 49]) that it 
is sufficient (and necessary) to find for arbitrary e > 0, 5 > a finite union of (5-balls = 
Ui=i,...,A;-B5(a;j) C such that 

Q^{x,S5)>l-e Vr>l. 
To this aim choose z G B^^n{x)r\HQ''^{Q, 1) and a finite union of (5/2-balls Sg/2 = U ^5/2(2^i) 

i=l,...,k 

such that Q'^{z, Sg/2) > 1 — f • Let Sg = U Bg{xi) and choose a bounded Lipschitz function 

i=l,...,k 

if on with xSs/2 ^ f ^ XSg and Lip((/p) < |. Hence, using (4.2), for all T > 1 

1 1 2 

Q^{x,Sg)>—J Ps(p{x)ds>—J Ps(p{z)ds - -\\x - z\\ 

>Q^(z,50-^^^f^>l-e. □ 
2 

Lemma 4.3. For x G L^{0, 1), let {v^{t))t>o the (generalized) solution of (4.1) corresponding 
to Q = 0. Then it holds 

hm 11^^(011=0. 
t— >+oo 

Proof. First, we consider the case where the initial data vq G Cq°(0, 1) (space of C°°-differentiable 
function compactly supported in [0, 1]. We set M := ||vol|oo and define a function h{t) with 

(i) h is of class C°°(R) and satisfies 

h{t) = arctant for \t\ < M 

\h{t)\<\t\, teR. 

(ii) h' is a bounded function on M satisfies infj;^]^ h'{x) > n > for a positive constant fi. 

(iii) h" is a bounded function on M. 

For r > fixed, consider the equation 

r dv{t) = ih{v^{t)))^dt, 

< (4.6) 
I v{0) = Vq. 
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Following a similar argument as in [11] and a maximum principle for uniformly parabolic equation 
we can prove that the classical solution v of (4.6) satisfies 

sup \\Vx\\oo < M. 
0<t<T 

Hence from the construction of h we deduce that this solution is also the solution of (4.1) with 
Q = corresponding to the initial data vq G C°°(0, 1). Now we remark that for the function 
z arctan z we can write 

arctan z = k(z) ■ z for all z G M, 

for some positive decreasing function k on M. Therefore by using the energy estimate for the 
function v{t) we can write 

^^[[■"(i)!!^ = -(arctan ?;3;(t),v^(t))i2(o,i) 

<- ll^'^^Wf (4.7) 

z£B(0,M) ^ ' 

<- inf k{z)\\v{t)f. 
zeB{0,M) 



Thus we obtain 



-2t inf k{z) „ 

\v{t)f<e ||i;of. 



This implies the statement of the lemma for regular initial datum vq. For general vq G L^(0, 1) 
we proceed by approximation and let Vq a sequence of functions in Cq°(0, 1) which converges 
to i;o in L^(0, 1) for n — >■ +oo. For n > we denote by Vn{t) the solution corresponding to 
the initial condition Vq. By using the fact that Vn{t) ^ as t ^ and a triangle inequality 
argument we deduce the statement of the lemma for general initial datum vq G L^{0, 1). 

□ 

Lemma 4.4. For x G L^(0, 1), let {v^{t))t>o the (generalized) solution of (4.1) corresponding 
to Q = 0. Then for every x G L^, T > and e > 0, it holds that 

F{\\u^-v^\\ <e) >0. 

Proof. First we suppose that x e V and denote by {vf )t>o the solution corresponding to (4.1) 
with Q = 0. We write 

z{t) = u{t) - v{t), t > 0. 
Then the process z{t)t>o solves the equation 

J dz{t) = {Au{t) - Av{t))dt + QdWt 
\ z{0) = 0. 

We set 

z{t) = y{t) + QWf 

Then we have 



Therefore, 



dy{t) = {Au{t) - Av{t)) dt. 
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ljtMt)f=v* {Au{t)-Av{t),y{t))vdt 



=v* {Au{t) - Av{t), z{t))v dt -V* {Au{t) - Av{t), QWt)v 
<2[^f\\QWt\\v<2[^f\\QWt\\v. 



Where we used the monotonicity of A and (3.2) to obtain the estimate in the last line. Thus we 
deduce for < t < T 

<cr sup WQWtWv, 

0<t<T 

for some positive constant c. We now use the splitting of z{-) and the Poincare inequality to 
obtain for < t < T 

< (cT+l) sup WQWtWv (4.8) 

For the case where x E H we proceed by approximation and use the uniform bound (3.2) to 
obtain the same estimate as in (4.8) for the process z{t) = u^{t) — v^{t), x € H. Since Q is 
a Hilbert-Schmidt operator from U to V, {QWt)t>o is a continuous Gaussian random process 
with values in V. Hence, for all (5 > 

f( sup WQWtWv <s) >0. 

^ 0<t<T ^ 

Now let £ > and take S>0 such that (cT + 1/2)6 < e. Then 

P (Wz{t)W <s) >f( sup WQWtWv <s) >o. □ 

Proposition 4.5. For every S > and every x G L'^{[0, 1]) it holds that 

\immfQ'^(x,Bs(0)) > 0. 

Proof. We proceed in three steps. Let 6 > and x G -^^^([0, 1]) be given. 

Step 1. For i? > let Cr = {u e L'^\u G Wq' (0, 1), < i?}, which is a compact subset of 

L^([0, 1]). From (4.5) and Chebychev's inequality we deduce 

Q^(0,L2([0,l])\Cfl)<| vr>i. 

Hence wc may pick some i? > such that Q^(0, Cr) > | for all T > 1. From now we omit the 
subscript R, i.e. C = Cr. 

Step 2. Claim: There is some ei > 0, a 71 > and a finite sequence Ti, • • • , Tfe, Tj > such 
that 

^ Pn{x,Bs{o))>ji VxGC.i, 

i=l,...,k 

where = {u & -^^^([0, 1]) | dj^2(u, C) < ei} and Prix, •) the transition probability correspond- 
ing to {u^{t))t>o at time T. In fact, by lemma 4.3 for each x G L'^{[0, 1]) there exists a and 
a r j; > such that uf.^ G -85/4(0). For T > and (5 > let 

Dix,T,S) ■.= F{Wv^-u^LHlo,i])<S}, 

which is strictly positive by lemma 4.4. Hence it follows that Pt^{x,B 5(0)) > D{x,Tx,6/4) =: 

2 

jx > 0- Similarly as in the second part of proposition 4.2 we may use (4.2) to deduce that for 
each X G L^{[0, 1]) there exists rx > such that Pr^iy, Bs{0)) > jx/2 for all y G Bj.^{x). Since C 
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is compact we may select a finite sequence {xi,ri), i = 1, . . . ,k, such that C C IJi=i k^i^i^'^i)- 
Setting Ti := T-^. the claim follows with ei := minj=i_,,,^fc and 71 := minj=i^...^;t 7i/2fc- 
Step 3: Choose p > such that 

Q^(x,QJ>^ VxGSp(O). 

This is possible by a similar argument as in the second part proposition 4.2. Finally, by analo- 
gous reasons as in step 2, we may find some Tq > and 72 > such that Pto{x, -Bp(O)) > 72. 

Hence, 

1 

liminfQ^(x, ^^(O)) = liminf - / Ps{x, Bs{0))ds 

= liminf- J2 T Ps+Ti+To{x,Bs{0))ds 

= liminf i ^ I I I PT,{z,BsmPs{y,dz)PToix,dy)ds 

>liminfl/ / [ T J2 PT,{z,BsmPs{y,dz)PT,{x,dy)ds 
T J- Jo Jbm Jc,, ■J^;:' ,^ 

> 71 lini inf ^ [ [ Ps {y, Qi )Pto (x, dy)ds 

T J- Jo JBp{0) 

which, by Fatou's lemma is bounded from below by 

>7i/ liminf;^ / Psiy,C^i)PToix,dy)ds 
JBpio) ^ J- Jo 

= 11 i '^vcaja.iQ^{y,Ce-,)PTo{x,dy)ds 

JBpiO) T 

> \liPn {x, Bp{0)) > ^7172 > 0. □ 

In view of (4.2) and proposition 4.5, Theorem 4.1 is now a consequence of [6, Theorem 1], where 
T = -^^([0, 1]) according to proposition 4.2. 
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